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ABSTRACT 

We consider a class of linear Volterra transforms of Brownian motion associated 
to a sequence of Miintz Gaussian spaces and determine explicitly their kernels. 
We give new explicit examples of progressive enlargement of nitrations and 
interesting links with Miintz-Legendre polynomials. By exploiting a link to 
stationarity, we give a necessary and sufficient condition for the existence of 
kernels of infinite order associated to an infinite dimensional Miintz Gaussian 
space; we also examine when the transformed Brownian motion remains a 
semimartingale in the filtration of the original process. This completes the 
partial answers obtained in ([13], [T7], [18]) to the latter problem. 
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1. Introduction 

There has been a renewed interest in Miintz spaces which is particularly moti- 
vated by topics related to Markov inequalities and approximation theory, see for 
example ([I]-[6]) and the references therein. In the meanwhile, Volterra transforms 
with non square integrable kernels, involving some functional spaces, provide inter- 
esting examples of non-canonical decompositions of the Brownian filtration. This 
motivated many studies on the topic, for instance see ( [3], [8], [13], [15], [29] ). Our 



aim in this paper is to study the class of Volterra transforms involving Gaussian 
spaces which are generated from sequences of Miintz polynomials. This gives new 
explicit examples of progressive enlargement of nitrations and interesting links with 
Miintz-Legendre polynomials; see ( [22] [25], [33]) for studies on this topic in more 
general frameworks. 

To be more precise, let us fix our mathematical setting. Let (B t ,t > 0) be a 
standard Brownian motion defined on a complete probability space (Q, J 7 , P), and 
denote by {J-f ,t > 0} the filtration it generates. Linear transforms of the form 

(1) T{B) t = [ p(t/s)dB s , t>0, 

Jo 

for some p G Ai, where 

M. = {p : [1, oo) — > W measurable function s.t. / p 2 (l/v)dv < oo}, 

Jo 

were intensively studied in [25]. In particular, we find in P. 54 therein a variant of 
Theorem 6.5 of [27] which states the following. (T(B) t ,t > 0) is a semimartingale 
relative to the filtration of B if and only if there exist c ^ and g G M. such that 

p(-) = c + I^gWy. 

Let fi(x) := x Xt , i = 1, 2, ■ ■ • , be a sequence of Miintz polynomials where A = 
{Ai, A 2 , ■ ■ ■ } is a sequence of reals satisfying Aj > —1/2 for i = 1, 2, • • ■ . Define the 
family of Miintz Gaussian spaces specified by 

(2) G t (A 1 ,---A n ; J B) = Span s x > dB s , % = 1, 2, • • • n\ 
and 

oo 

(3) G t (Xi, A 2 , • • • ; B) = [j G t (\i, ■ • • , A n ; B) 

n=l 

for t > 0. Let H t (B) be the closed linear span of {B s , s < t}. The Miintz transform of 
order n, associated to Ai, • • • , X n , is a transform T n of the form ([1]) such (T n (B t ),t > 
0) is a Brownian motion and the orthogonal decomposition H t (B) = H t (T n (B)) © 
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G t (Xi,--- ,X n ;B) holds for all t > 0. Following ([2], [16]), when n < oo, T n is a 
Volterra transform of the form 

r-t r-u 

(4) T n {B) t = B t - / / k n {u,v)dB{v)du, t > 0. 

Jo JO 

Furthermore, the kernel k n (.,.) is of the form k n (t,s) = Yl]j=i a j,n( s A) Aj where 
the sequence of reals ai jn , a 2) „, a n>n is uniquely determined by the system 



n 



< 5 > Sa^TTT^' 

The latter system, when \ = i for z = 1, 2, • ■ ■ , was first discovered by P. Levy, see 
([28], [30]); this example was further studied in [8]. Solving ([5]), we realized that the 
kernels (k n (., .), n = 1, 2, • • ■ ) can be simply expressed in terms of Miintz-Legendre 
polynomials which allows to simplify the study of their properties. Next, Miintz 
kernels are homogeneous of degree —1 in the sense that k n (at, as) = a~ 1 fc n (t, s) for 
a > 0. As a consequence, the associated Volterra transforms have a close connection 
to a class of stationary processes. That is, with U(f) t = e"' /2 /(e*) for t E R, the 
process (U o T n (B) t ,t e R) is an Ornstein-Uhlenbeck process having the moving 
average representation, m.a.r. for short, (J_ r) n (t — r)d(3 r ,t e M) where (3 is a 
Brownian motion indexed by R and rj n e L 2 (M + ) has the Fourier transform 

(6) Wfl: ./ eW _^nyj±M. 

Applying then the characterization given in [26], a glance at (Q allows to detect an 
inner factor which implies, as expected, that the latter m.a.r. is not canonical with 
respect to 0. By a Paley- Wiener theorem [9], 77^ lives in the Hardy space H 2+ of 
functions H which are analytic on the upper half-plane C + = {z e C; Q(z) > 0} 
such that sup b>0 j R \H(a + ib)\da < 00. Due to the characterization of H 2+ , in 
terms of products of inner and outer functions, formula ([6]) gives a clear description 
of what happens when n — > 00. A natural question is to know whether there exists 
a transform of the form (P) such that H t (B) = H t (T n (B)) © G t (Ai, A 2 • • • ; B) for 
t > 0. Partial answers are given in (|13j. [T7] , [T8] ) where the authors established 
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the existence of such transforms. In particular, for an infinite sequence A satisfying 
either sup Xj = +00 or < Ai < A2 < ... there exists no such a transform such 
that (T(B) t ,t > 0) is a semimartinagle relative to the filtration of B. We see that 
a necessary and sufficient condition for the existence of transforms with infinite 
dimensional orthogonal complement is the Miintz- Szasz condition 

(?) £(2a!+iV+1 <0 °' 

1=1 

Furthermore, (T(B) t , t > 0) is a semimartinagle relative to the filtration of B if and 
only if + 2A,) < 00. 

2. Miintz Gaussian spaces and transforms 

Throughout this paper, we assume that A = {Ai, A2, A3, • • • } is a sequence of 
distinct real numbers such that 

(8) Ai>-l/2, i = 1, 2, • • - , 

which ensures that the generalized Miintz polynomials fi(x) := x Xi , for i = 1, 2, • • • , 
lie in L^ oc (lR + ). For t > 0, let us introduce 

00 

(9) M n>t = Span{x Al , x Xi , • • ■ , x Xn ; x G (0, t] } and M^ t = (J M n>t . 

n=l 

which are called Miintz spaces. An associated orthogonal system, known as Miintz- 
Legendre polynomials, is specified by Li(x) = x Xl and L 2 , L 3 ■ • • , described by 

(10) L k (x) = J2cj, k x X \ ^= ^= ll(A * + Aj + 1) , fc = 2,3,---, 

see [5] and [6] ; note that we use slightly different notations since we start the sequence 

A with Ai instead of Ao- Recall that Lfc(l) = 1 for k = 1,2, The celebrated 

Miintz-Szasz theorem, see e.g. [S], states that fi, / 2 , • ■ ■ is complete in £ 2 ((0, 1]) if 

and only if condition (JTj) does not hold. Next, to the linear spaces M n>t and M^t 
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we associate, respectively, the families of Miintz Gaussian spaces defined by (jSJ) and 
(ED. Recall that 

ft 



(11) H t (B) = y^ f(u)dB u :feL 2 ((0,t})Y 

It follows that the orthogonal complements of G t (\i, ■ ■ ■ , A n ; B) and G t (\i, A 2 • • • ; B), 
in H t (B), are respectively given by 

Gi{\ u ■ ■ ■ , A n ; B) = f(u) dB u - f e L 2 ((0, t}), J f{s)p{s) ds = 0,pe M n>t | 



and 

G 4 ± (A 1 ,A 2 ,---;i?) = |^ f(u)dB u ;feL 2 ((0,t]),^ f(s)p(s)ds = 0, P eM OOtt 

One of our aims in this paper is to compute explicitly the kernel of a transform of 
the form (CD) such that H t (T n (B)) = G^(Ai, • • • , A n ; B), holds for t > 0, and examine 
what happens as n — > oo. In the following result, we treat the case when n is finite. 

Theorem 2.1. Assuming that n < oo t/ien £/ie following assertions hold true. 
1) The kernel 

t- l K n (s/t) if ;0 < s <t < oo; 
otherwise, 



kn{ty s ) '- z 



where 

(12) = X>, B *\ "i^ P^TT^T . J = l,-,n, 

is a Goursat-Volterra kernel of order n. Furthermore, writing T n for the Goursat- 
Volterra transform associated to k n (., .), the orthogonal complement of H t (T n (B)) in 
H t (B) is G t (X u ■ ■ ■ , A„; B) for all t > 0. 

2) (T n (B) t ,t > 0) is a semimartingale with respect to the filtration of B. 

Proof. 1) T n (B) is a Brownian motion if and only if k n (., .) satisfies the self-reproduction 
property 

(13) k n (t, s) = / k n (t,u)k n (s,u) du, < s < t < oo. 

Jo 



The latter is obtained by writing K[T n (B) t T n (B) s ] = s At, differentiating and rear- 
ranging terms. But, if we set k n (t, s) = t^ 1 Y^=i a j,n(s/t) Xj , then (fl3l) is equivalent 
to saying that (a itn ,i = 1,2, ••• ,n) solves the linear system ([5]). To study the 
system, consider the n-degree polynomial 

n n n 

Pn(x)=]J(x + X j + l)-J2 a i,n ]J ( x + X J + ^ 

j=l i=l j=l,j^i 

which, of course, has at most n roots. But p n (x) = is equivalent to Y^L-, , -, = 
1. This fact, when combined with lim a; _ i , 00 p n (x)/x n = 1, implies that p n (x) = 
YYj=i( x ~ <\j). Now, let us choose m G {1, • ■ ■ , n} and substitute the latter product 
formula in the expression of p n (x). Dividing then both sides by nj^ m ( x + -\? + -Q> 
rearranging terms and letting x — > — (A m + 1) we obtain the expressions of ai, n ,a2,n, 
• ■ ■ , a n ^ n . Next, k n (., .) is a Volterra kernel because it is continuous on {(u,v) G 
(0, +oo) x (0, +oo) : u > v} and satisfies the following integrability condition which 
is enough for (TJJ to be well defined. We have 

/t / pu \ 1/2 pt / rl \ I/ 2 

I / k 2 (u,v)dv\ du = \ k 2 n (u,ur)u dr J du 

= K 2 n {r)dr 
= 2VtK 1 J 2 (l) < +oo, 

where we used the homogeneity and the self-reproduction properties of k n (., .). Fi- 
nally, we need to identify H t (B) H t (T n (B)) for an arbitrarily t > 0. But, this 
amounts to solving the integral equation 

/(*)= / k n (t,u)f(u)du, t>0. 
Jo 

This is easily seen, by differentiation, to be equivalent to an ordinary linear differ- 
ential equation of degree n. The functions s — > s Aj , j = 1, • • • , n, being n linearly 
independent solutions, we conclude that G t (\i, ■ • • , A n ; B) is the orthogonal com- 
plement of H t (T n (B)) in H t (B) as required. 
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2) By using the homogeneity property of k n (., .) and the stochastic Fubini theorem, 
we can write 



T n (B) t = B t - I I k n (u,v)dB v du 
Jo Jo 



where 



o Jo 

^1 — J k n (u, v)du ) dB v 

t / ,t/u 

1 — / k n (vr,v)vdr ) dB v 

t 

p n (t/v) dB v , t > 0, 

o 



f x dr 
l>„U) = 1- J k n (r,l)dr=l- J K n {l/r)- 



r 

The process (T n (B) t ,t > 0) is a semimartingale relative to the filtration of B since 
we can write p n (.) = c n + j l ^g n {y)dy where c n = 1 and g n (.) = -K n (l/.) G and 
use the result from ([25], P. 54) which is quoted in the introduction. This completes 
the proof. □ 

The covariance matrix 

( m ?)ij = A . + A . + 1 > = 1,2,--- ,n, 

of the Gaussian process J* f*(s)dB s , where / := (f±, • ■ ■ , f n )* is the transpose of 
{fij ' ' ' > fn), has an inverse matrix which we denote by a", m" is a Cauchy matrix 
and an explicit formula for its inverse can be found in (|14j. |32j). Note also that 
the Goursat form of k n (., .) given below is given in a semi-explicit form in [16]. Here 
we propose another method to compute the entries of a" and 4>. 

Proposition 2.1. TTie kernel k n (. , .) o/ Theorem \2. 1\ satisfies 

, r(t)-f(s) if 0<s<t<oo; 

knit-, S) 

otherwise, 



where <p(.) = ct(.) ■ /(.), (f>i(t) = a iin t Xi l , i — 1, 2, • • • , n and the entries of a™ are 
given by (a^kj = Oi,n%,n(Ai + Xj + l)" 1 r~ A< ~ A * -1 . 

Proof. Assume that k n (.,.) is of the given Goursat form where (/>i,<f>2,'" ,4> n are 
unknown. By using the self-reproduction property (Tl~3T) a little algebra gives that 
</>(.) = a(.) • /(.)■ The entries of <p(t) are identified form the expression of k n (.,.) 
given in Theorem 12. 11 Next, from [2], we know that > 0) is given, in terms of 

0, by 

/oo 
<j)(u) ■ (j)*(u) du + aoo, = a t ■ f(t), < t < oo. 

But, here = because /i, / 2 , • ■ ■ , / n are not square integrable over (0, +oo). 
Plugging in the vector we obtain the matrix a". □ 

Remark 2.1. In terms of filtration, for n < oo and < T < oo, we have 

T* = ® a (G r (A 1 , ■ ■ • , A n ; 5)) . 

In fact, J 7 ^"^ coincides, up to null sets, with a{B^ ,u < T}, where (Bu V \u < T) 
is the /-generalized bridge over the interval [0,T]. A realization of this is given by 
= B u - ij}*.(u) ■ J T f(s)dB s where ip T (u) = a% ■ £ f{r)dr, for u < T. This is 
called a generalized bridge because J T f{s)dBf r) = 0. Note that T n (flW) = T n (B) 
on (0,T); see [Tj for more details on these processes. 

The objective of the next proposition is to show that we can express K n (.) in 
terms of Miintz-Legendre polynomials, given in fflOl) . which form an orthogonal 
basis of M nt \. An integro-difference equation is discovered in [8] for the kernels 
p n (.,.), n = 1,2, for the example where Aj = %\ assertion 2) of the following 
result proves to be useful for finding the analogue of Chiu's result for the kernels 
k n (., .), n = 1, 2, • • • , in the Miintz framework. 

Proposition 2.2. The following assertions hold true. 

1) We have K n (x) = E^it 1 + 2A i )L i (x). In particular, K n {l) = E^it 1 + 2A 3 -). 
Consequently, we have K n (x) = x~ Xn -§^ (x Xn+1 L n (x)) or, equivalently, L n (x) = 
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x ^ Xnl J Q X s Xn K n (s)ds. Note that unlike Miintz-Legendre polynomials, the Miintz 
polynomial K n (.) does not depend on the order of Ai, A2, ■ • • , A n . 

2) The sequence K n {.), n = 1,2, satisfies the integro- difference equation 
K n (x) = K n ^{x) + (2A n + l)a; A "(l - £ U - x -- l K n ^{u)du). 

Proof. 1) We have (1 + 2A„)c„ jn = a n n and (1 + 2A n )cj ;n = a^ n — % in _i. Thus, we 
can write 

n-l 

K n (x) - K n _i(x) = a n>n x Xn + 22(a j>n - a iiri _i)x Aj 

3=1 

n-l 

= (1 + 2A n )c n , n x A " + (1 + 2A n ) c 3,nX Xj 

3=1 

= (l + 2X n )L n (x). 

Iterating, with the convention that Kq(.) = 0, and summing up the equations we 
get the first formula; K n (l) is obtained by setting x = 1 an using Lj(l) = 1 for 
j — 1, 2, • • • , n. As a by-product formula, we note that (Aj + A n + l)c 3 - jn = a^ n for 
j < n. The second assertion is easily obtained by integration. 
2) We quote, from [6], the recurrence formula 

Combining this with the first assertion and simplifying yields 

(x- x "L n (x))' = x- x -- l K n {x) - (2A n + l)x- 2A "- 2 / s x "K n (s)ds. 

Jo 

= x- Xn - l K n ^{x). 

Differentiating, we find — X n K n (x) + xK' n (x) = (A n + l)K n _i + xK' n _ v This is 
nothing but a differential form of the integro-difference equation. It remains to use 
1) on the form K n (x) = K n -\{x) + (1 + 2A„)L n (x) and the fact that L n (l) = 1 to 
conclude. □ 

Our aim now is to outline a connection between self-reproducing kernels and the 
classical kernel systems. 
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Proposition 2.3. For each fixed t > 0, the kernel system associated to M n> t is given 
by g n<t (u,v) = \ Y!i=i( l + 2A i )L i ( ) for < u,v < t. Letting u -> t we get 
that k n (t, s) = g n>t {t, s) = \ EILiC 1 + 2 A,)L 4 (f ) for < s < t < oo. 

Proof. The kernel system is given by g n ,t(u, v) = J22=i ( lk,t( u ) a k,t( v ) where (q^ t (.),n = 
1, ■ ■ ■ , n) is an orthonormal sequence that generates M n t . This is a reproducing 
kernel in the sense that, for any Q t e M nit , we have Qt('u) = f Q g n ,t( u i v )Qt( v ) dv. 
Exploiting homogeneity, we easily check that the sequence (q™ t (x),x € [0,t];j = 
1,2, • • • ,n) defined by q^ t {u) := YJk=i c k,m{t)u Xk = + 2X m )/tL m (u/t) satisfies 
the requirements. We conclude using continuity and the fact that L n (l) = 1. □ 

In the proof of the following result, we use the well known fact that the set of 
covariance functions is closed under limits and some classical techniques from the 
mean squared calculus, see for example [3T] . 

Proposition 2.4. For n < oo the kernel T n (s, t) = k n {t V s,tAs), on (0, 1] x (0, 1], 
is positive definite. Furthermore, as n — > oo ; the following assertions are equivalent 

(i) X n (.) := J k n (.,r)dB r converges in C? and a.s.. 

(ii) T n (., .) converges to a positive definite function .) on (0, 1] x (0, 1]; 

(iii) K n (.) converges pointwise to K{.) G L 2 ((0, 1]); 

(iv) (1 + 2Aj) converges. 

Proof. By using the self- reproduction property fflBT) . we see that T n (., .) is the covari- 
ance function of the Gaussian process (X n (t), t > 0) which gives the first statement. 

Let us show that (i)^ (iv). Using the first assertion of Proposition 12.21 we can 
write X n (t) = Y^=i £h where £j = (l/t)(l + 2Aj) / Li{s/t)dB s . By the orthogonality 
property of Li,L 2 ,---, we conclude that ^1,^2, ■■■ is a sequence of independent 
Gaussian variables with zero mean and Var(Xj) = (1 +2Aj)/i, because Lf{r)dr = 
1/(1 + 2Aj), for i = 1, • • • , n. Since (X n (t), n = 1, 2 • • • ) is an £ 2 -martingale with 
orthogonal increments, the martingale convergence theorem gives the equivalence. 

(i)=^(ii) is classical from the mean square calculus, see e.g. ([31], P. 135). That is, 
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we use 

E [X n (t)X n (s) - X(t)X(s)} = E[(X n (t) - X(t))(X n (s) - X(s))\ 

+ E[(X n (t) - X(t))X{s)} + E[(X n (s) - X(s))X(t)}. 

Using Holder inequality, we can get all these terms tend to zero. (ii)=>- (iv) is seen 
from the convergence of T n {t,t) = j + Aj). Now, (ii)^ (iii) is obtained from 

the expression of T n (., .) and the fact that K n (.) is a Cauchy sequence in L 2 ((0, 1]) 
if and only if T(t, t) converges for some, and hence for all, < t < 1. The proof is 
now complete. □ 

Remark 2.2. Using the first assertion of Proposition 12.41 Cauchy-Schwarz inequal- 
ity implies that |i^ n (r)| < YliO- + 2Aj)/y / r which remains bounded, under condition 
(iv), as long as r > 0. It would be interesting to see whether the derivative of K n (r) 
remain as well uniformly bounded for r > 0; this proves to be useful in the proof 
of Theorem 13.11 which is given below. If that is the case then Arzela-Ascoli theo- 
rem would imply that the convergence of K n (.), under condition (iv), is uniform on 
(e, 1) for any s > 0. Thus, it is not clear how to approach directly the problem of 
convergence of Volterra transforms as n — > oo. 

3. Connection to stationary Ornstein-Uhlenbeck processes 

We discuss here a question tackled in [18J which consists on determining a nec- 
essary and sufficient condition for the existence of an infinite dimensional kernel 
associated to A. Let us recall some excerpts from [22] and [27] on linear transforms 
of Brownian motions and stationarity. For that, we define 

(14) S(/3) t = f V (t - s)dp„ t g R, 

J — oo 

for some rj G L 2 (IR + ), where (3 is a Brownian motion indexed by R. Assume that /3 is 

characterized in terms of B by <p(s)dB s = f R Vtp{r)df3 r for ip G L 2 (R + ) where V 

is the isometry which maps L 2 (R + ) to L 2 (R) which is defined by Vcp(r) = e r / 2 (p(e r ). 

We clearly have S(f3) = U o T(B) where U0(r) = e" r / 2 0(e r ) and r)(.) = Up(.). 
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We set T n — U o T n . Because T n (B) is a Brownian motion, T n (B) is a stationary 
Ornstein-Uhlenbeck process. The focus in the next result is on the m.a.r. of the 
latter when n < oo. 

Proposition 3.1. For n < oo, the process (T n (B) t ,t £ R) /ias i/ie m.a.r. JT^ ) 
where (3 is the Brownian motion satisfying d(3t = e~*/ 2 dl?(e*) and 77 := ^ ra /ias 
Fourier transform 



(15) "- (0= v^n ?+i( . +Ajr 



Proof. From the last part of the proof of Theorem l2. ll we have T n (B) t = f p n (t/v) dB % 
for t > 0, where p„(a;) =1- f* k n (r, l)dr. Thus, with r/ n (t) = l{ i>0 }t/ o p n (t), (TJj} 
holds with rj = rj n . We have 







^n(0 = / e^e-'/ 2 P n(e*)dt 

-(V2-«)* [ 1 - / K n (l/r)(l/r)dr ) dt 







/OO / POO \ 
f y e -(V2-ie)t^j k n (l/r)(l/r)dr 



1/2 - V + 



r- 

where we used Fubini theorem for the third equality and the fact that 1 + 2Aj > 0, 
j = 1, 2, ■ ■ • , for the last equality. The last term is now evaluated by using the 
obvious decomposition 

n . n 

x A . = y a jn j = l,2,...,n. 

Note that the latter decomposition allows as well to resolve the system (JSJ). □ 

Recall that 77 £ C 2 (IR + ) if and only if rj £ where rj be the Fourier transform 

of r). It is known that fj £ iTi has a unique, up to some multiplicative constant of 

modulus 1, decomposition of the form f)(£) = cl(£)0(£) where c is a constant, O 
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and I = UG are, respectively, the outer and the inner parts. The latter are further 
specified by 

0(0 = expfi/^liloglftlW-^) 
\«r J R a- f 1 + a 1 ) 

G(0 = expf-1 f &±± d F(a)+iht) 

where ft, > 0, e$ = 1 if |aj| < 1 and e$ = | [ /a» and F is a nondecreasing singular 
function subject to J(u 2 + l^dF^u) < oo. 

Theorem 3.1. There exists a transform of the form (QP associated to A such 
H t (B) = H^T^B)) © G t (\i, A 2 • ■ ■ , ; B), for all t > 0, if and only if (fjj holds. 
Furthermore, (T oa (B) t ,t > 0) is a semimartingale relative to the filtration of B if 
and only if + 2 A*) < oo holds. 

Proof. Condition (0) is necessary. Otherwise, /i, /2, • • • would be complete in L 2 (0, 1) 
which would imply that H t (B) = H^T^B)) for t G (0, 1). Conversely, (ED) ensures 
the convergence of fj n , as n — > oo, to 



i/2-<e^e+i(j+Ai)' 

see also Theorem 2 of [T7]. Clearly, fj^ G i??. This in turn ensures the existence of 
rjoo and T^. The spectral measure of (T oa (B) t ,t G R) is 



1 ,~ /^.2 1 1 
3oo(0l 



27r r/oovsy, 2 7r| + e 
which is the same as that of a stationary Ornstein-Uhlenbeck process. We conclude 
that (T 00 (B) t ,t 6 1) is a stationary Ornstein-Uhlenbelck process; see also Lemma 
1 in ([25], P.55). For the semimartingale property, assume first that Aj — » oo and 
let us quote an argument, from [13] and [IB] , to show that J 00 p'(u) 2 du = +oo. We 
have f^u Xi p(t/s) = which is equivalent to J^ 00 uX l j+2 p(u)du = 0. Integrating by 
parts yields J^ 00 -j^+rp^u)^ = — p(l) = —1. By Cauchy-Schwartz inequality, we get 
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(1 + 2A i )|p(l)| 2 < f™p'(u) 2 du. This gives that J™ p'(u) 2 du = J Q p'(l/v) 2 $ = oo. 
Suppose now that ^^°(l + 2Aj) < oo. By proposition \2A\ K n (.) converges pointwise 
to K(.). Using the dominated convergence theorem and Remark 12.21 we see that 
p n converges to p say and p takes the form p(.) = 1 — j l ^K(l/y)dy. Furthermore, 
K(l/.) G M. because K G L 2 (0, 1) since it is the limit of functions which are in 
L 2 (0, 1). We conclude using the result on Gaussian semimartingales of the form ([I]) 
quoted in the introduction. □ 

Definition 3.1. A Miintz transform is a transform of the form ([1]) such that, 
for some n G N U {+oo}, the orthogonal decomposition H t (B) = H t (T n (B)) © 
G t (\i, ■ ■ ■ , A„; B), for some sequence of reals — 1/2 < Ai, • • • , A n , holds for all t > 0. 
We call n the order of the transform. The corresponding kernel (&„(., .) or p n (., .)) 
is called a Miintz kernel of order n. 

Remark 3.1. As a by-product of the discussion for the order to be infinite we men- 
tion the following result. Let cp be a C°°([0, 1]) function satisfying |<p( m )| < constant, 
for all m. Then ip is a solution to the integral equation <p(u) = J Q <p(uv)ip(v)dv, de- 
fined on [0, 1], if and only if ip(.) = k n (l, .) = K n (.) where \j = j for j > and n is 
some finite positive integer. 

Remark 3.2. For nsNU {+oo}, k n (., .) and T n as above, introduce the notations 
Tn^ = Id, Tn^ = T n and = Tn" 1 ^ o T n , for m > 2, where o stands for the 
composition rule for the iterated transforms. We clearly have for m positive integer 

Furthermore, since we are in the homogeneous case, we can show that the decom- 
position 




holds true. Here, by T ® Q, for two a-algebras T and Q, we mean T V Q with 
independence between T and Q. It follows that Miintz transforms are strongly 

14 



mixing and ergodic. We also refer to [25] for a proof of this, in a more general 
framework, which uses the connection to stationarity. 

4. Example of infinite order transforms 

Kernels of infinite orders take complicated forms which could sometimes involve 
special functions. To illustrate that, we shall now give a family of examples. 

Proposition 4.1. Let r > 1 be a positive integer. Then the kernel defined by 

i 00 i i \ fe+l 2r— 1 

MM) = tXf^ fcT~ II n-kuji)^\ s /ty-\ s < t, 
k=\ ■ j=i 

and fcoo(t,s) = if s > t, where u r = expi^ni/r), is a Miintz kernel of infinite order 
with A given by Aj = (r~* — l)/2 ; i = 1, 2, • ■ ■ . Furthermore, the m.a.r. of Theorem 
13J[ with 

2r 

(i6) uo = -(i - m- 1 n r ((^) 1/r ^) ( - i)j , 

5=1 

holds true. 

Proof. An infinite order Miintz transform associate to A exists if and only if + 
2A«) = Y1T i~ r converges; this happens if and only if r > 1. The following two 
formula, quoted from ([1], pp. 6-7), simplify the expression of the kernel. First, we 
have 

2r-l 



("> n f^=(-D' +i! ^n r (-M 

where u> = exp(ni/r). Second, we have 



-(-IV 



2r 

^_l£_ = -TTrf- za ,i)-(-i)' 



5>i J 5=1 



Thus, using ffTTj) . we can write 

j=i,j^k J I j=i 
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as n — > oo. We have 

v (0= 1 ft fcr + i/e 
»fcoUJ 1/2 _ ie 11 ^ _ 

which can be evaluated using f lT8|) to get ffl"6]) as desired. □ 
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